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This work deals with the presence and stability of thick brane solutions in the warped five dimen-
sional braneworld scenario with a single extra spatial dimension of infinite extent. We combine two
distinct procedures that give rise to new possibilities, allowing that we describe models of asymmet-
ric thick branes, with the asymmetry being controlled by a single real parameter. We illustrate the
main results with some distinct models, which show that the method works for both standard and
generalized models, and the solutions are gravitationally stable against small perturbations of the
metric.
I. INTRODUCTION
The braneworld scenario in which one deals with a warped geometry that engenders a single extra spatial dimension
of infinite extent was initially proposed in Ref. [1]. In this case, the brane is considered to be geometrically thin (thin
brane) and embedded in five dimensional spacetime. However, since the above scenario is motivated by a unification
theory, there seems to be a minimum length scale and it is also of interest to consider the thickness of the brane.
For this reason, thick brane scenarios were considered in [2–5] where the warp factor behaves smoothly due to the
presence of a scalar field source in the Einstein-Hilbert action with the warped geometry. Since then, thick brane
models have been widely investigated by several authours with distinct motivation, see for example [7–14] and [16]
for a review.
An interesting issue about the thick brane scenario is that it may have an asymmetric profile, when the scalar
potential has no symmetry Z2. In this situation, the brane can asymptotically connect different five-dimensional
spacetimes. The asymmetric feature of the brane have been studied in various contexts [17–24]. For example, in
Refs. [17, 18] the authors have used asymmetric brane models to explain the late-time acceleration of the universe
from infrared modifications of gravity. In addition, the Friedmann equations were obtained for an AdS5 bulk, with
different cosmological constants on the two sides of the brane in [19]. More recently, an interesting model so-called
asymmetric bloch brane has been offered, under appropriate assumption, to address the hierarchy problem [20].
Other works have dealt with the construction of new models for asymmetric braneworld scenario [21–24] and this has
motivated us to implement the current study.
In this sense the aim of this work is to construct new models for asymmetric thick branes using the procedure
described in [21] and in [22] in addition to the method developed in Ref. [25], which consists in considering that the
effective superpotential is a sum of n decoupled superpotentials, with n accounting for the number of independent
scalar fields that appear in the model. In Minkowski spacetime this case represents a trivial situation but nontrivial
results arise when we deal with braneworld scenarios, since in curved spacetime there appear another contribution to
the scalar potential that couples the scalar fields and introduces extra effects.
The investigation to be implemented in this work is organized as follows. In Sec. II we briefly review the main
results on thick branes such as the equations for the warp function and the energy density. In Sec. III, we introduce
the procedure and illustrate it with several examples. We then examine the stability of the models in Sec. IV and
show in Sec. V that the procedure developed here can also be implemented in models with generalized dynamics.
Finally, in Sec. VI, we present our concluding remarks.
II. BRANEWORLD SCENARIO
Let us now investigate scalar fields in the braneworld scenario with a single spatial dimension of infinite extent,
described by the line element
ds25 = e
2Aηµνdx
µdxν − dy2 , (1)
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2where A = A(y) is the warp function, y is the extra dimension and ηµν describes the four-dimensional Minkowski
spacetime (µ, ν = 0, 1, 2, 3). In this case, the action is given by
I =
∫
dx4dy
√
|g|
(
−R
4
+ L
)
;
L = 1
2
n∑
i=1
gab∂
aφi∂
bφi − V (φ1, ..., φn) , (2)
with a, b = 0, 1, 2, 3, 4 and φi, i = 1, 2, ..., n stands for the scalar fields. Also, we are using natural units and 4piG5 = 1,
for simplicity. The minimization of the previous action with respect to the metric allows us to write Einstein’s
equations
Gab = 2Tab . (3)
Considering that the scalar fields and the warp function depend only on the extra dimension, we get
A′′ = −2
3
n∑
i=1
φ′2i , (4)
A′2 =
1
6
n∑
i=1
φ′2i −
1
3
V (φ1, ..., φn) . (5)
Here the prime represents derivative with respect to y; that is A′ = dA/dy, etc. We can also implement a first order
formalism considering that the potential has the form
V (φ1, ..., φn) =
1
2
n∑
i=1
W 2φi −
4
3
W 2 , (6)
with W = W (φ1, ..., φn) being the superpotential and Wφi = dW/dφi. Consequently, we obtain the following first
order differential equations
φ′i = Wφi , (7)
A′ = −2
3
W (φi) , (8)
which solve the equations (4) and (5).
Furthermore, we can show that the energy density which is given by
ρ(y) = e2A
(
1
2
n∑
i=1
φ′2i + V (φ1, ..., φn)
)
, (9)
can be rewritten in the form
ρ(y) =
d
dy
(e2AW ) . (10)
The energy of this system is found by performing the integration with respect to the extra dimension, so we get that
the energy of the brane associated with the scalar fields is null.
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FIG. 1: The model 1. Warp factor (left panel) and energy density (right panel) for k = 0 (black, solid line), k = 0.4 (blue,
dashed line), k = 0.8 (red, dotted line) and k = 1.2 (green, dot-dashed line).
III. THE PROCEDURE
In this section we combine the approach implemented in [21] and [22] with the method proposed in Ref. [25] to
propose and investigate new braneworld models. We then write the superpotential in the form
W (φ1, ...φn) = k +
n∑
i=1
Wi(φi)
= k +W1(φ1) + · · ·+Wn(φn) , (11)
where k is a real constant. In this sense, although ∂W/∂φi only depends on φi, the potential will couple the several
scalar fields due to the second term in Eq. (6). Moreover, an interesting feature of this superpotential is that it keeps
the first order equations (7) decoupled. An immediate consequence of the above procedure is that it generalizes the
results presented in Ref. [21], where the models were described by a single scalar field.
Although the procedure described above is robust enough to describe n scalar fields, let us investigate, for simplicity,
the case n = 2 with φ1 = φ e φ2 = χ. We illustrate this possibility with several models that follow below.
A. Model 1
We consider a model of two scalar fields described by the superpotential
W (φ, χ) = k +
(
φ− φ
3
3
)
+
(
χ− χ
3
3
)
, (12)
which combines two models of the Higgs type. In this case we get the potential
V (φ, χ) =
1
2
(
(1− φ2)2 + (1− χ2)2)− 4
3
(
φ− φ
3
3
+ χ− χ
3
3
+ k
)2
, (13)
and the first order equations (7) become
dφ
dy
= (1− φ2) , dχ
dy
= (1− χ2) . (14)
The solutions of the above equations are given by
φ(y) = tanh(y) , χ(y) = tanh(y) , (15)
where the minima are φ± = χ± = ±1. In this case the equation (8) becomes
dA
dy
= −2
9
(
3k + 6tanh(y)− 2tanh3(y)) . (16)
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FIG. 2: The model 2. Warp factor (left panel) and energy density (right panel) for k = 0 (black, solid line), k = 0.9 (blue,
dashed line), k = 1.8 (red, dotted line) and k = 2.7 (green, dot-dashed line). For the latter case we depicted exp(2A(y))/10
and ρ(y)/2.
By integrating the above equation we get the following warp function
A(y) = −2
9
(3ky + 4 ln(cosh(y))− sech2(y)) . (17)
Note that the behavior of this function for very large values of y can be written as
Aasym±(y) = −2
3
W (φ±, χ±)|y| = −2
3
(
k ± 4
3
)
|y| . (18)
Furthermore, we find that the asymptotic behavior in the limits y → ±∞, defines the five-dimensional cosmological
constant
V (φ±, χ±) ≡ Λ5± = −4
3
(
k ± 4
3
)2
. (19)
For k = 0 (symmetric case) we have that both sides of the brane are connected by the same cosmological constant.
When 0 < |k| < 4/3 the model has different cosmological constants on each side of the brane connecting different
AdS5 bulk spaces. For other values of k it diverges, leading to no physically acceptable braneworld scenario.
However, it is worth mentioning that an interesting issue arises when |k| = 4/3. In this case on one side of the
brane there is a negative cosmological constant and as a result the bulk should be AdS5. But on the other side of
the brane the cosmological constant of bulk vanish, so the bulk is asymptotically Minkoskwi (M5). We remember
here that situations similar to this, where space is asymptotically 5D AdS-Minkoskwi, appears very naturally in the
context of supergravity [26].
Using Eq.(17) we can write the warp factor explicitly in the form
e2A(y) = e−
4
9 (3ky+4 ln(cosh(y))−sech2(y)) . (20)
It is depicted in the top panel of Fig. 1 for some values of k, with the solid curve representing the case k = 0
(symmetric profile). The other curves represent k in the region where the brane connects a bulk AdS5 with different
cosmological constants. On the other hand, the energy density can be obtained from Eq. (10) but as the complete
expression is awkward we omit it here. However, in the bottom panel of Fig. (1) we depict it for same values of k.
Evidently, we see that the addition of a constant to the superpotential plays a crucial role in the construction of new
models for asymmetric thick branes.
B. Model 2
Let us now deal with a model inspired by vacuumless system, where topological structures can appear in potentials
without vacuum state. This was studied before in [27, 28], and here the model is described by
W (φ, χ) = k + tan−1 (sinh(φ)) + tan−1 (sinh(χ)) . (21)
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FIG. 3: The model 3 for λ = 0.6. Warp factor (left panel) and energy density (right panel) for k = 0 (black, solid line), k = 1
(blue, dashed line), k = 2 (red, dotted line) and k = 3 (green, dot-dashed line).
Hence, the Eq. (6) leads to the following potential
V (φ, χ) =
1
2
(
sech2(φ) + sech2(χ)
)− 4
3
(
tan−1(sinh(φ)) + tan−1(sinh(χ)) + k
)2
. (22)
By substituting Eq. (21) in Eqs. (7) and solving the integrals, we obtain the solutions
φ(y) = sinh−1(y) , χ(y) = sinh−1(y) , (23)
where the minima are given by φ± = χ± = ±∞. Moreover, we see that the behavior of the superpotential in the
minima results in W (φ±, χ±) = (k ± pi).
On the other hand the equation (8) becomes
dA
dy
= −2
3
(
k + 2 tan−1(y)
)
. (24)
Consequently, the integration of the above equation leads us to
A(y) = −2
3
(
ky + 2y tan−1(y)− ln(1 + y2)) , (25)
where A(0) = 0. In this case, the behavior of this function for very large values of y is given by
Aasym±(y) = −2
3
(k ± pi) |y| , (26)
and the five-dimensional cosmological constant is
Λ5± = −4
3
(k ± pi)2 . (27)
For k = 0 (symmetric case) we have that both sides of the brane are connected by the same cosmological constant.
For |k| = pi on one side of the brane there is a negative cosmological constant and as a result the bulk should be
AdS5 while the other side of the brane the bulk is asymptotically Minkoskwi (M5). In the case where 0 < |k| < pi
the model has different cosmological constants on each side of the brane connecting different AdS5 bulk spaces. For
other values of k it diverges, leading to no physically acceptable braneworld scenario.
From Eq. (25), we find the warp factor that is depicted in the top panel Fig. 2, from which we can see the
asymmetric behavior of the thick brane. By combining Eq. (10) with Eqs. (21) and (25), we get the energy density of
this model, whose asymmetric profile may be seen in the bottom panel of Fig. 2. In both cases we use several values
of k in the region where the brane connects a bulk AdS5 with different cosmological constants.
C. Model 3
Let us now deal with a model inspired by Ref. [29]. The superpotential is given by
W (φ, χ) = k − 1
(1− λ1)
√
λ1
ln
(
1−√λ1 sn(φ, λ1)
dn(φ, λ1)
)
− 1
(1− λ2)
√
λ2
ln
(
1−√λ2 sn(χ, λ2)
dn(χ, λ2)
)
, (28)
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FIG. 4: The model 3 for λ = 0.9. Warp factor (left panel) and energy density (right panel) for k = 0 (black, solid line), k = 4
(blue, dashed line), k = 8 (red, dotted line) and k = 12 (green, dot-dashed line).
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FIG. 5: The parameter k as a function of λ, as it appears in Eq. (35).
where sn(φi, λi), dn(φi, λi) are Jacobi’s elliptic functions. We remember here that there is a set of basic elliptic
functions denoted by sn(φi, λi), dn(φi, λi), cn(φi, λi) and other, that obey interesting properties; see, e.g., Ref. [30]
for more on this issue. Also, we are considering that both λ1 and λ2 vary in the interval ∈ [0, 1).
From Eq. (28) we obtain the following potential
V (φ, χ) =
1
2
(
1
1− λ1
cn(φ, λ1)
dn(φ, λ1)
)2
+
1
2
(
1
1− λ2
cn(χ, λ2)
dn(χ, λ2)
)2
−4
3
(
k − 1
(1− λ1)
√
λ1
ln
(
1−√λ1 sn(φ, λ1)
dn(φ, λ1)
)
− 1
(1− λ2)
√
λ2
ln
(
1−√λ2 sn(χ, λ2)
dn(χ, λ2)
))2
. (29)
It is straightforward to obtain the solutions using the first order equation (7); they are
φ(y) = sn−1
(
tanh
(
y/(1− λ1)
)
, λ1
)
, (30)
χ(y) = sn−1
(
tanh
(
y/(1− λ2)
)
, λ2
)
. (31)
Here, the minima are φ± = ±K(λ1) and χ± = ±K(λ2) with K(λ1) and K(λ2) representing the complete elliptic
integral of the first kind.
We take for simplicity the case with λ1 = λ2 = λ, and now the equation (8) becomes
dA
dy
= −2
3
(
k − 2
(1− λ)√λ ln
(
dn
(
sn−1
(
tanh(y/(1− λ)), λ), λ)
1 +
√
λ tanh(y/(1− λ))
))
. (32)
We have been unable to find the warp function analytically, so we get it numerically using the condition A(0) = 0.
7We depict the results in Fig. 3 for λ = 0.6 and in Fig. 4 for λ = 0.9, for several values of k. The warp factor is in
the top panels in Figs. 3 and 4, from which we can see the asymmetric behavior of the thick brane which depends on k
and the shrinking effect that appears as we increase λ. The energy density of this model also exhibits an asymmetric
profile which depends on k and an shrinking effect which depends on λ, with its maximum peak increasing as k
increases. These properties are shown in the bottom panels of Figs. 3 and 4. In both cases we use different values
of k in the region where the brane describes a bulk AdS5 with different cosmological constants. We depicted the two
Figs. 3 and 4 at the same y scale, to highlight the asymmetry behavior due to k and the shrinking effect due to λ.
However, we can still see the analytical behavior of the warp function for very larger values of y; it has the form
Aasym±(y) = −2
3
(
k ± 2
(λ− 1)√λ ln
(√
1− λ
1 +
√
λ
))
|y| , (33)
and the five-dimensional cosmological constant is given by
Λ5± = −4
3
(
k ± 2
(λ− 1)√λ ln
(√
1− λ
1 +
√
λ
))2
. (34)
In this situation we see that the constant k depends on the value of λ, and we get
k =
2
(λ− 1)√λ ln
(√
1− λ
1 +
√
λ
)
, (35)
to give a vanishing cosmological constant in one of the two distinct sides of the brane. This is depicted in Fig. 5. To
illustrate, let us consider the case λ = 0.6. Thus we have for k = 0 (symmetric case) that both sides of the brane are
connected by the same cosmological constant. For |k| ' 6.66 on one side of the brane there is a negative cosmological
constant and as a result the bulk should be AdS5 while the other side of the brane the bulk is asymptotically Minkoskwi
(M5). For 0 < |k| < 6.66 the model has different cosmological constants on each side of the brane connecting different
AdS5 bulk spaces. For values outside this region the warp factor diverges, also leading to no physically acceptable
braneworld scenario. For λ = 0.9 we get other values, but the calculations are similar.
We can also consider other values of λ. As it was shown in [29], the interesting behavior is the shrinking of the
braneworld solution as λ increases toward unity. To see how this effect appears in the above model, we considered
the cases of λ = 0.6 and λ = 0.9.
IV. STABILITY
In order to study the stability of the gravity sector we must consider small perturbations in the metric in the form
ds2 = e2A(ηµν + hµν)dx
µdxν − dy2 , (36)
with  being a very small real parameter and hµν = hµν(x
µ, y). We use transverse traceless gauge, hµν → h¯µν , to
show that the metric fluctuation decouples from the fields [3], leading to
(∂2y + 4A
′
∂y − e−2A)h¯µν = 0 , (37)
where  = ηµν∂µ∂ν . Introducing the z coordinate to make the metric conformally flat with the choice dz = e−A(y)dy
and making h¯µν = e
ikxe3A(z)/2Hµν(z), the above equation becomes(
− d
2
dz2
+ U(z)
)
Hµν(z) = m
2Hµν(z) , (38)
where U represents the stability potential, which can be written as
U(z) =
9
4
A2z +
3
2
Azz, (39)
where Az corresponds to the derivative with respect to the z variable. As is known, the stability equation (38) can
be written in the form (
− d
dz
− 3
2
Az
)(
d
dz
− 3
2
Az
)
Hµν(z) = m
2Hµν(z) . (40)
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FIG. 6: Stability potential of the models. At the top we show the model 1 (left) using the same conventions as Fig. 1 and the
model 2 (right) using the same conventions as Fig. 2 with U(y)/2 in the last case. At the bottom we show the model 3 using
the conventions of Fig. 3 (left) and Fig. 4 (right).
This factorization shows that the stability equation cannot support states with negative eigenvalues, indicating that
the brane is stable under small fluctuations in the metric.
We have seen above that the study of stability of the metric under small perturbations leads to a Schro¨dinger-like
equation, so the analysis of stability is done by inspection of the stability potential. In particular the three stability
potentials arising from the models presented in the previous Sec. III are depicted in Fig. 6. They inform us that
the three scenarios are stable under small fluctuations in the metric. In addition, they support zero mode (graviton
zero mode) and no other bound state, as expected. The third and fourth panels are depicted for λ = 0.6 and 0.9,
respectively, and for several values of k, to show the asymmetry behavior due to modifications of k, and the shrinking
effect due to the increase of λ.
It is worth mentioning also that these stability potentials go to zero at infinity, so the mass spectrum is continuous
without a gap, and it starts at m = 0. Moreover, the wave functions of the corresponding massive modes must have
a plane wave profile.
V. GENERALIZED MODEL
Let us now investigate how the procedure developed up to here can also be implemented in models with nonstandard
dynamics. We consider the case in which the Lagrangian (2) changes to L = L(φi, Xij), where
Xij =
1
2
gabOaφiObφj . (41)
Using the same arguments that fields and warp function only depend on the extra dimension, Einstein’s equations
are now given by
A′′ =
4
3
XijLXij , (42)
A′2 =
1
3
(L − 2XijLXij ) , (43)
9with LXij = ∂L/∂Xij . We can also implement a first-order formalism by considering the equation (6), so the above
equations become
φ′jLXij = Wφi , (44)
(L − 2XijLXij ) =
4
3
W . (45)
Let us now illustrate the procedure using a single field and considering that the Lagrangian is given by
L(φ,X) = −X2 − V (φ) . (46)
In this case, the Eq. (44) takes the form
φ
′
= W
1/3
φ , (47)
and the scalar potential can be written as
V =
3
4
W
4/3
φ −
4
3
W 2 . (48)
Now inspired by the Eq. (11) and the work [31], we choose the superpotential
W (φ) =
{
−f(φ) + 38 sin−1(φ) + c , φ2 ≤ 1
f(φ) + 38 sgn(φ)(cosh
−1(|φ|) + 2pi) + c , φ2 > 1 (49)
where
f(φ) = −φ
8
√
|1− φ2|(5− 2φ2) , (50)
and c is a real constant. Consequently, the Eq. (47) leads to the compact solution
φ(y) =
{
sin(y) for, |y| ≤ pi2
sgn(y) for. |y| > pi2
(51)
In this case the warp function is given by
A(y) =
{
−y28 − 524 sin2(y) + 124 sin4(y)− 2cy3 , |y| ≤ pi2
−φ8 |y| − 16−3pi
2
96 − 2cy3 . |y| > pi2
(52)
By analyzing the minima of the scalar potential we have found a five-dimensional cosmological constant Λ5± =
−4/3(c± 3pi/16)2. Thus, for 0 < |c| < 3pi/16 the model has different cosmological constants on each side of the brane
connecting different AdS5 bulk spaces.
Another important feature of brane is the energy density, it can be obtained from the energy-momentum tensor as
T 00 = ρ = −e2AL . (53)
Moreover, as shown in Ref. [31], the stability study for N scalar fields in the generalized scenario does not contribute
to destabilize the brane. Thus, stability potential in the nonstandard scenario is also given by Eq. (39). In this sense,
in Fig. 7 we depict the warp factor, energy density and stability potential for several values of c, where the shaded
portion indicates the region in which the scalar field is not constant. We see that in this generalized model the scalar
field solution has the profile of a compact configuration, but this is not enough to make the brane compact. However,
we notice that the parameter c acts like the parameter k that we introduced before in Sec. III in the case of standard
dynamics; in the generalized braneworld scenario, c also contributes to make the brane asymmetric, so the idea of
adding a constant to W to make the brane asymmetric also works for the generalized model.
We also observe from Eq. (48), that the presence of the second term in the definition of the potential V will also
lead us with nontrivially interacting models of n scalar fields φ1, φ2, ..., φn even in the case we take W = W1(φ1) +
W2(φ2) + · · ·+Wn(φn), so the procedure explored in Sec. III in the case of standard kinematics extends similarly to
the above case of generalized models.
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FIG. 7: The generalized model. The warp factor (left panel), energy density (middle panel) and stability potential (right panel)
for c = 0 (black, solid line), c = −pi/25 (blue, dashed line), c = −2pi/25 (red, dotted line) and c = −3pi/25 (green, dot-dashed
line).
VI. CONCLUSION
In this work we have combined two distinct procedures to construct new models of asymmetric thick branes with n
scalar fields. We mixed and extended the investigations introduced in Refs. [21, 22, 25] to construct new and stable
braneworld scenarios that admit asymmetric thick branes, with the asymmetry controlled by a real parameter. For
simplicity, we have considered the case of two scalar fields and illustrated our findings by examining several distinct
models. We have also examined the stability of the models, verifying that they are stable under small fluctuations of
the metric, admitting only one bound state, the graviton zero mode.
We extended our findings examining generalized models, in which the dynamics of the scalar field is of the non-
standard type. In this case, we have also shown that under specific circumstances, the scalar field potential can be
described by a superpotential and the system admits first order differential equations that solve the equations of
motion. We illustrated this possibility with another example, with the scalar field solutions being of the compact
type.
In the case of two scalar fields with standard kinematics, we have shown that the models are stable for several
values of k, the parameter that controls the asymmetry of the brane. In the case of Model 3, in particular, besides k,
we also have λ, the other parameter which controls the shrinking or stretching of the brane. We think it would be of
interest to see how these parameters can be used to control cosmic acceleration as suggested before in Ref. [17], and
in other circumstances of current interest in the braneworld scenario; see, e.g., Refs. [32, 33].
The present investigation has motivated us to investigate other related issues, and we are now studying the localiza-
tion of four-dimensional gravity and the Newtonian limit for the case where the brane is embedded in a five-dimensional
space [34]; see also Ref. [15]. Another possibility is to investigate the presence of fermions in these asymmetric thick
brane models with several scalar fields, to see how the asymmetry and the addition of scalar fields can influence their
entrapment. This can be implemented following the line of investigation of Refs. [35–37]. Another direction of current
interest concerns the use of the procedure implemented of this work to describe aspects of mimetic gravity, both in
the cosmology context [38] and in the branework scenario [39]. There are many other possibilities, and we think that
the procedure presented in the current work will also work in other more general contexts, in particular in the case
of metric-affine [40], Born-Infeld [41, 42] and mimetic [43] extensions that have been considered in the recent years.
These and other issues are currently under investigation and we hope to report on them in the near future.
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